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1973 Geodesy, Cartography, and Aerial Photography Issue A

ON THE SOLUTION OF MOLODENSKIY'S PROBLEM

WITH THE AID OF A TAYLOR SERIES

M. I. Marych */26

In the work (2) a new method is examined for solving Molo-

denskiy's boundary value problem, based on the use of a relation

between the Taylor series of anomalies of gravitational force

and the excitation potential expanded in powers of elevations

of the earth's surface, and of a small parameter established by

the Stokes formula. Formulae are developed and investigated,

determining the excitation potential at the physical surface of

the earth in the zero, first, and second Molodenskiy approxima-

tions.

The calculations performed are indicative of the distribu-

tion of results obtained in higher order approximations of the

excitation potential and in approximations, entering here, of

radial derivatives of anomalies of the gravitational force,

which are completely analogous to the corresponding excitation

potential approximations.

We wish to give a more extensive and systematic presentation

of the method, and also, to illuminate it more by demonstration.

1. Since the soluti"o'n of the problem should not depend on

the choice of radius of the reference sphere, then, in deriving

a formula, one can assume that the indicated Taylor series are

convergent. Actually, however, values of excitation found in

this way should not vary with an increase or decrease in the

elevations of the earth's relief to a constant magnitude, which

eliminates our proposition of series convergence.

This can be interpreted in the following way. The proposi-

tion of convergence of the named series means that we consider

*Numbers in the margin indicate pagination in the foreign text.
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some element of the gravitational field pertaining to a point or

element mass, arbitrarily expanded within the body of the earth,

and the radius of the reference sphere is chosen such that the

elevations of the earth's relief occur at a smaller distance

from the points than the physical surface of the earth to the

given mass. The independence of the solution relative to the

magnitude of the radius of the sphere is indicative of the fact

that for all elements composing measured anomalies of the gravi-

tational force, only that fixed reference sphere of arbitrarily

chosen radius can be assumed. Thus the values of excitation po-

tential found with respect to the measured anomalies of gravita-

tional force will be equal to those values of the excitation potential

which are the result of separately performed'calculations with

respect to all elements of anomalies of gravitational force having

reference spheres ensuring convergence of the Taylor series expan-

sions.

And so, we expand the excitation potential on the physical

surface of the earth in a Taylor series oa:pbwers of elevations

of the earth's relief.

aT __

T=T- U1H+--
ap 2

(1)

where T is the value of the excitation potential at points of /27
s

the reference sphere; the excitation.potential T and its radial

derivative DT/ p, etc., refer to the physical surface of the

earth. If this series converges at each point of the earth's

physical surface, then it is obvious that
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where

( g..= A 2-p. (3).

In this way, the quantity Ts, being the Taylor series expan-

sion (1) of the excitation potential, can be written in the form

of Stokes' formula (2), in which the cover of the integral is

a Taylor series-expansion of anomalies of gravitational force. Of

course, on the basis of the assumption of the convergence of series

(1), series (3) is also convergent.

We write equation (2) in the form of a formula for calculating

successive approximations of the excitation potential at the

earth's physical surface:

RAg I d' -T- 1 g - H +2 H2 d7 s( )- I d +
41r ap 2 d p +

/ I 'T
;~ -H- -- H'+-

O)p 2 d92 .. . .(4 )

If the approximations of excitation potential were con-

structed so that they did not depend on the choice of reference

sphere radius and were simultaneously successive approximations

of formula (4), then such approximations which are within the limits

for an unbounded spaceof the number of approximations, reduce

to the point values of the excitation potential.

The Molodenskiy approximations (3) obtained by means of

the expansion of the excitation potential in powers of a small

parameter, meet this compulsory requirement of independence of

the calculated result from the assumed magnitude of the radius

of the reference sphere.
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The following calculation process is suitable for the given

principle of construction of approximations. Again, we find the

excitation potential with inclusion only of the first term Ag of the/

integrand of the series, and we obtain theonull or so-called

Stokes approximation To, and then TI, T2 , etc. up to To. The

first of these is the result of allowance in the formula of the

first radial derivatives of anomalies of gravitational force

(DAg/Dp)o of the excitation potential (3T/Dp)o found in the

Stokes approximation.

The quantity (DAg/Dp)o is the zeroth approximation of the

formula for 3Ag/@p,,analogous to formula (4). We obtain this

formula if, in place of the ,Taylor series (1) forT, we

write this same series for Ag/ap and in place of the Stokes

formula (2) we use the well-known Numerov formula for the vertical /28

gradient of an anomaly of gravitational force. We find (DT/9p)o

from the boundary condition for the excitation potential, in

which we substitute To in place of T, and R in place of p=R+H.

We calculate the following corrections to T0 analogously.

Thus, the solution of the basic Molodenskiy problem is ex-

pressed by successive approximations of a Taylor series (4), in

which we have approximations instead of point values of the

radial derivatives of anomalies of gravitational force and

excitation potential. Moreover, with increase in the order of

the derivatives, the order of the approximation is decreased,

and derivatives of higher order are expressed only by Stokes

approximations.

Therefore, for divergent Taylor series, our approximations

are quite different from formula (4). However, bearing in mind

the fact that the approximation of excitation potential does not

depend on the magnitude of the radius of the sphere, it may

always be assumed that the reference sphere goes through the

outer core of mass, and subsequently the approximations reduce

to a convergent Taylor series in which the higher order terms

4



are of negligible size. The effect here appears of removing the

negative influence of the divergence of the series used in solving

Molodenskiy's problem.

In order to show the size of the influence described on the

calculated value of excitation potential, we find a modification

of formula (4), induced by changing the height H to some constant

magnitude AH. Let us assume that, for the elevation of the

earth's relief, the elevations H" = H+AH (R'=R-AH) and let us

examine the series

/T.= T -T-H' + HI "
: S OO 2 Op "

T*. (A-g - H+ I Os, ... ,) - 1g *3.4 OP 2p'

(D)

We reduce them to the form

OT I 82 TT + T1 -(2T +M- (..)(5)
2 dp c

Here

r dT (-1)

k) C a 1 apH
n--k+l

)-c + - " " ( - - n- A H -  (E)
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the sums (k=l, 2, ... ) are Taylor series expansions in powers of

the elevations H of the radial derivatives of excitation potential

and anomalies of the gravitational force. Differentiating the /29

Stokes formula (2) along the direction of the radius vector p, we

find

S) [s(4) - Id + is (s()-I do
P icf 4wC' 4w jP" c

(6)

Inverting these expressions into (5), and (2) into the second term

of formula (5'), combining the series (5) and (5') with each other

we obtain

where

I-) an . --I -AH kd a
*: 4nk! it ):,. s Id3 k! dpk R (7)

i the -desired:modification of the excitation potential induced by,,

substituting the elevations H' for.the-elevations H in formula (4),

in which are estimated radial derivatives up to the kth order

inclusively. We note that theigiven expression corresponds

completely to the result obtained in (1)'without consideration of

the earth's relief.

Thus, if the indicated substitution of elevations does not

lead.to divergence of series (1) and (3) at the investigated

point, then the quantity 6k withyan increase in the number k is

established as sufficiently small. If also at the given point

the indicated series diverge, then with an increase in k, the

quantity 6k increases and is established to be sufficiently large.
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In calculating excitation potential according to formula (4),

when the necessity arises of breaking off the series, and we have

only to deal'with some quantity of their first terms. In the

case that these series converge at all points of the earth's

physical surface, cutting them off does not cause

(6k+t) and in the process of calculation, a

sufficiently precise result can be obtained. However, for an

arbitary distribution from inside the earth the difference be-

tween found and desired results can be unboundedly large (6k *).

For the earth's reality, the indicated requirement is too strong,

and is not fulfilled; this is the chief obstacle to using a

Taylor series for calculating excitation potential. In the gven

method for determining excitation potential, the indicated ob-

stacle is removed by the use of Molodenskiy's parameter.

Independently of us (1, 2), the German scholar H. Morits

examined an analogous method of solving this same problem, based

also on the use of a Taylor series and the small parameter k (5).

With the aid of asymptotic series and expansions of the excita-

tion potential in powers of the parameter k, he shows that Molo-

denskiy's formulas and Brovar's formulas are equivalent to his

formulas. This agrees completely with us and the conclusions

(1, 2). However, H. Morits does not consider the above-indicated

role of the parameter k in constructing his formulas and therefore,

he apparently does not discover that they do not depend on the

possibility of analytic continuation of the gravitational poten-

tial inside the earthlis mass, accomplishEed with the aid of a

Talbr series.

It is important to note that in work (6), H. Morits arrived

at -conclusions which essentially coincide with our conclusions

(1, 2).

2. We obtain formulas for calculating theexcitatio n.poten-

tial, which follow from the Taylor series.expansion-.of this

potential (4) in powers of the parameter k (0 & k ! 1).
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TO+kT, + k' T2 +... f *A g +k )

+..... PA A I.\/o s(9)-l, .
2 [\0d J

OT OT (8)+k O], + ... kH -- + ...
Tto P- - - 2

Equating terms of both parts of the equation with themselves con-

taining the same power of k, we have

R=RiTo = Ag Is () -ldl;
(9)

R. 4 'idi \l /jII I'

SH s( do+ H,!

/ Il

La(12)

The sum of all the terms of the given expansion

Is= -- H oHT-- Ts.-id+ H- TH

= T-(13)

-- ((s )

+ (- /own
mi p0 a- (12)

The sum of all t he terms of the given expansion

Aj (13)
01-o
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gives the excitation potential on the physical surface of the

earth.

And so, we have obtained formulas for calculating successive

approximations of the excitation potential. The first of these

(9) coincides with the zeroth Molodenskiy approximation (3). This

is the ordinary Stokes formula (Stokes approximation); it is suit-

able, as is evident from its derivation, for calculating excita-

tion potential on the earth's physical surface without allowing

for the relief.

In order to obtain formulas for successive approximations

of radial derivatives of anomalies of gravitational force, we

make use of a Taylor series and the relations (1)

f I,~ _ 1 r[ai,-,-,, +1 . 1og

L ~ ap' h tR I\ a,-, - -  Jr3--- \-p "(14)

(i = 1, 2, ...) in precisely the same way as we used the Stokes

formula for finding excitation potential. Expanding the first

derivative BAg/@p in a Taylor series in powers of elevations of

the earth's relief

/ag __ dAg O'Ag H + a&g H2
I p ap 2 2""9p

0 2 p3  (F)

and bearing in mind the fact that

/ (S~) Ido 2 (Ag)r,I 1  ,(A0 0 
p 2nR (ag-(,g) , - (

(G)

(Ag) is the Taylor series expansion (3) of an anomaly of the
s

gravitational force. We obtain
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N9 J SI(A~c- A)1rI)do __ (gt+N gA
of Rw r4Op' (H)

This formula is analogous to formula (4). Presenting it

in the form of an expansion in powers of the parameter k (0Ok-l),

we find relations analogous to (8). Further, equating to each

other terms containing the same power of k, we obtain formulas

determining successive approximations of the values of the first

radial derivative of the anomaly of gravitational force at points

of the earth's physical surface. And so, we have

(f& (I.Ig - g') d _ 2Jo 2irR r 3 R (15)

OA H - (. It@
01P 2%R 00 ap )0

2b S { dAg _

N] + H; (16)

inR m! RHin.IH2 H* (08- 1", +( 1] 7)o,

subsequently

P X p . (18)
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The derivation of formulas for approximating the second and

higher order derivatives does not differ from the derivation of

formulas (15)-(18). Therefore, not repeating the calcula-

tions based on the use of relations (14) and of the Taylor /

series, one can immediately write the expressions

dg _ I -'Ag\ *'-Ag do 1+1 Ag

(19)

-dr'.= _}2 ., gg : 1,,
api 2wR 14m p +*- In-nm

+  A,() o do 2 (-1) d+m-+

&R rn-I -m r-1 Mtr n-m
n (-)-t&+.Ag) 

HE MrnI /O+mjg
----- Op1+m n-m (20)

(i-1,2,3,...), determining

a Ag~ 8' Ag\
Ep' 0\a , (21)

(i-1,2,3,...).

In such a manner, expressions (15)-(18) and (19)-(21), ob-

tained in the same way asexpressions .(9)-(13), are completely

analogous to them. The process for calculating the first radial

derivative of the anomaly of gravitational force (18) and deriva-

tives of higher order (21) is the same as the process for calcu-

lating excitation potential. For this case, the zeroth (Stokes)

approximation of derivatives of higher orders, entering into

formulas (16)-(18) and.into (20).-(21) (denoted by the lower

index "0"), and the subsequent corrections to these approxima-
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tions are determined by formulas obtained from (20) for suitable

values of i and n.

We note that, in practice, when using formulas (15)-(17)

and (19)-(20), their second terms can be neglected. In this

case, as shown in work (2), the Ostach formula (4) for calcula-

ting the first Molodenskiy correction to the Stokes approximation

of the vertical gradient of the anomaly of gravitational force

(15) (to the Numerov formula) is easily reduced to formula (16).

We examine also the process of finding approximations for

radial derivatives of the excitation potential.

Differentiating the boundary condition for excitation poten-

tial

41T 2T+ = --AgdP
(22)

along the direction of the radius vector p, we find subsequently

OT dAg 2 6

S 32g + 2 Ag 8 24T

Op d' pP P2 P1  (23)

etc.

Representing relation (22), in which

H H2
+! + ... (

P R R (J)

in the form of an expansion in powers of the parameter k and

equating to each other the terms of both parts of the equality
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containing the same power of k, we obtain

g 2To ( 2 
o - g - -- -', T, - T,,),

(lp 0 R 9aPi R IR
T 2 (T, -- T, +- To ( K )
e.. R R ? )

etc.

In this same way we also-find,an,approximation of the deriva-

tives.(23). We have

-T dAg \ 2 6
P (O~g+ 2 ag + 6- T11;

.)0 a )0 R R2

_a2 21 6 12H

07 (0a + 2 dag\ _ 8 24

dP \ P0/o g lo (L)

etc.

Investigations of formulas (9)-(13), determining successive

approximations of the excitation potential, identical to the

investigation of-the Taylor series (),_ connected with obtainihg

the quantity 6k (7) ,sshows(c~. (2-) that -the result -

of the calculation does not depend on decrease or increase of

the radius of the reference sphere, that is, in the case pre-

sented, 6 k= Q an increase- of the e leations

of the earth's relief (H' = H+AH, R = R-AH),even if it leads

to divergence of series used for derivation of formulas for

successive approximations of excitation potential at the physical

surface of the earth (the reference sphere,-which is the anomalous
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mass presented above, is now below it); the result of 'he

calculation remains unchanged.

In this way, it is proven that the question of convergence
of the Taylor series expansion of the anomaly of gravitational

force in powers of elevations of the earth's relief, and also
the question of analytic continuation of the gravitational

potential, do not determine the applications of the method

examined.

Work delivered to the editorial
board May 10, 1972. Recommended
to the Department of Higher
geodesy and .Gravimetry of the
L'vovsky ordbr of Lenin Poly-
Technic Institute.
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